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VANISHING PROPERTIES OF DUAL BASS NUMBERS
LINGGUANG LI
Abstract. Let R be a Noetherian ring,M an ArtinianR-module, p ∈ CosRM .
Then cogradeRpHomR(Rp,M) = inf{ i | pii(p,M) > 0} and
pii(p,M) > 0⇒ cogradeRpHomR(Rp,M) ≤ i ≤ fdRpHomR(Rp,M),
where pii(p,M) is the i-th dual Bass number ofM with respect to p, the integer
cograde
Rp
HomR(Rp,M) is the common length of any maximal HomR(Rp,M)-
quasi co-regular sequence contained in pRp, and fdRpHomR(Rp,M) is the
flat dimension of Rp-module HomR(Rp,M) (Theorem 5.10). Besides, we also
study the relations among cograde, co-dimension and flat dimension of co-
localization module HomR(Rp,M).
1. Introduction
Let R be a Noetherian ring, M a R-module, p ∈ Spec R. H. Bass [1] de-
fined so called Bass numbers µi(p,M) by using the minimal injective resolution
of M for all integers i ≥ 0, and proved that µi(p,M) = dimk(p) ExtiRp(k(p),Mp).
E. Enochs and J. Z. Xu defined the dual Bass numbers pii(p,M) by using the
minimal flat resolution of M for all i ≥ 0 in [7], and showed that pii(p,M) =
dimk(p) Tor
Rp
i (k(p),HomR(Rp,M)) for any cotorsion R-moduleM . Comparing the
formulas of µi(p,M) and pii(p,M), we see that Ext is replaced by Tor and the
localization Mp is replaced by co-localization HomR(Rp,M) respectively.
The Bass numbers and dual Bass numbers are homological invariants provide
a powerful means in studying structures of certain important modules and rings.
The vanishing properties of Bass numbers has important roles in studying modules.
It is well known that if M is a finitely generated R-module, p ∈ SuppRM , then
µi(p,M) > 0 if and only if depthRpMp ≤ i ≤ idRpMp, where idRpMp is the
injective dimension ofRp-moduleMp. However, we known little about the vanishing
properties of dual Bass numbers. In this paper, we obtain some vanishing properties
of dual Bass numbers. Let R be a Noetherian ring, M an Artinian R-module,
p ∈ CosRM . We show that cogradeRpHomR(Rp,M) = inf{i|pii(p,M) > 0} and
pii(p,M) > 0⇒ cogradeRpHomR(Rp,M) ≤ i ≤ fdRpHomR(Rp,M),
where cogradeRpHomR(Rp,M) is the common length of any maximal HomR(Rp,M)-
quasi co-regular sequence contained in pRp and fdRpHomR(Rp,M) is the flat di-
mension of Rp-module HomR(Rp,M) (Proposition 5.2, Theorem 5.10). Moreover,
if R is a U ring (Definition 5.5) and fdRpHomR(Rp,M) = t <∞, then pit(p,M) > 0.
In addition, we also study the relations among cograde, co-dimension and flat
dimension of HomR(Rp,M). Let R be a U ring, M an Artinian R-module. Then
cogradeRpHomR(Rp,M) ≤ CdimRpHomR(Rp,M) ≤ fdRpHomR(Rp,M),
where CdimRpHomR(Rp,M) is the co-dimension of Rp-module HomR(Rp,M).
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2. Preliminaries
Let R be a ring, S ⊆ R a multiplicative set, and M an R-module. The RS-
module HomR(RS ,M) is called the co-localization of M with respect to S ([10]).
The co-support of M is defined by CosRM = { p ∈ Spec R | HomR(Rp,M) 6= 0 }.
A subset X of Spec R is called a saturated subset of Spec R, if X satisfies one of the
following conditions: (i). X = ∅; (ii). X 6= ∅, and V(p) = {q ∈ Spec R | p ⊆ q} ⊆ X
for any p ∈ X . Let p, q ∈ Spec R, and q ⊆ p. By Hom-Tensor adjunction we have
HomRp(Rq,HomR(Rp,M))
∼= HomR(Rq ⊗Rp Rp,M) ∼= HomR(Rq,M).
This implies that the co-support of any R-module is a saturated subset of Spec R.
Definition 2.1. Let R be a ring, a representable R-module M is said to be a
strongly representable R-module, if (0 :M I) = {x ∈ M | I ⊆ AnnR(x)} is repre-
sentable for any finitely generated ideal I of R.
It is easy to see that every Artinian module is strongly representable. However,
we will show that a strongly representable module may not be an Artinian module.
Lemma 2.2. Let R be a topological ring, x1, x2, · · · , xn ∈ R, and M a lin-
early compact R-module. Then (0 :M (x1, x2, · · · , xn)), (x1, x2, · · · , xn)M , and
M/(x1, x2, · · · , xn)M are linearly compact R-modules.
Proof. Since ϕ : M
x1→ M is a continuous R-module homomorphism, and {0} is a
closed submodule of M . We have ker(ϕ) = (0 :M x1) and Im(ϕ) = x1M are both
linearly compact R-module by [3, Lemma 2.2]. Moreover, since
(0 :M (x1, x2, · · · , xs)) = ker((0 :M (x1, x2, · · · , xs−1)) xs→ (0 :M (x1, x2, · · · , xs−1)))
for s = 1, 2, · · · , n. Then the proposition is followed by using induction on n. 
Proposition 2.3. Let R be a topological ring, S ⊆ R a multiplicative set, M a
(resp. strongly) representable linearly compact R-module. Then HomR(RS ,M) is a
(resp. strongly) representable RS-module. Moreover, the functor HomR(RS ,−) is
an exact functor from the category of (resp. strongly) representable linearly compact
R-modules to the category of (resp. strongly) representable RS-modules.
Proof. Let M be a representable linearly compact R-module. By [3, Corollary 3.3],
there exists a minimal secondary representation of M = M1 + · · · +Mn and pi =√
AnnRMi such that all Mi are linearly compact. We can assume that S ∩ pi = ∅
(1 ≤ i ≤ m) and S ∩ pi 6= ∅ (m+ 1 ≤ i ≤ n) for some integer 1 ≤ m ≤ n. Then,
HomR(RS ,M) = HomR(RS ,M1) + HomR(RS ,M2) + · · ·+HomR(RS ,Mm)
is a minimal secondary representation of HomR(RS ,M) as a R-module such that
HomR(RS ,Mi) are pi secondary R-modules by [3, Theorem 4.2]. It is easy to check
that HomR(RS ,Mi) is a S
−1pi secondary S
−1R-module for 1 ≤ i ≤ m.
IfM is a strongly representable linearly compactR-module. Let I = (x1s1 , · · · , xnsn )
be a finitely generated ideal of RS , where xi ∈ R, si ∈ S for i = 1, · · · , n. Then
(0 :HomR(RS ,M) I) = (0 :HomR(RS ,M) (
x1
1
, · · · , xn
1
)) = HomR(RS , 0 :M (x1, · · · , xn)).
By Lemma 2.2, HomR(RS , 0 :M (x1, x2, · · · , xn)) is a representable RS-module.
Since co-localization preserves the exactness of short exact sequence of linearly
compact modules by [3, Corollary 2.5]. Thus the functor HomR(RS ,−) is an exact
functor. 
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Remark 2.4. Let R be a ring, M an Artinian R-module. Then M is a strongly
representable R-module (In this case, we endow R and M with discrete topology).
Let p ∈ Spec R, it is well known that HomR(Rp,M) is almost never an Artinian
Rp-module. However, HomR(Rp,M) must be a strongly representable Rp-module.
Let R be a ring,M a R-module. R. N. Roberts in [11] introduced the Noetherian
dimension of M , denoted by NdimRM , which is defined inductively as follows:
when M = 0, put NdimRM = −1. Then by induction, for an integer d ≥ 0,
we put NdimRM = d, if NdimRM = d is false and for every ascending chain
M0 ⊆ M1 ⊆ · · · of submodules of M , there exists a positive integer n0 such that
NdimR(Mn+1/Mn) < d for all n > n0. Therefore NdimRM = 0 if and only ifM is a
non-zero Noetherian R-module. On the other hand, for any representable linearly
compact module M over some Noetherian topological ring R, AttRM , CosRM ,
AnnRM have same minimal elements by [3, Corollary 4.3]. Thus
sup{ dimR/p | p ∈ CosRM} = sup{ dimR/p | p ∈ AttRM} = dimR/AnnRM.
Hence, we introduce the following definition.
Definition 2.5. Let R be a ring, and M an R-module. The co-dimension of M is
defined as the integer (possibly infinite)
CdimRM = sup{ dimR/p | p ∈ CosRM }.
We except that NdimRM = CdimRM for any Artinian R-modules M . Unfor-
tunately, this equality does not holds in general. N. T. Cuong and L. T. Nhan [4,
Example 4.1] showed that exists an Artinian moduleM over a Noetherian local ring
(R,m) such that NdimRM < CdimRM . However, we have the following result.
Proposition 2.6. Let R be a Noetherian ring, M an Artinian R-module such that
AnnR(0 :M p) = p for any p ∈ V(AnnRM). Then NdimRM = CdimRM .
Proof. Since CdimRM = dimR/AnnRM for any Artinian R-module M . It is
enough to show that NdimRM = dimR/AnnRM .
By [4, Proposition 2.4], we have the inequality NdimRM ≤ dimR/AnnRM . On
the other hand, for any ideal a ( R, we have (a + AnnRM) ⊆ AnnR(0 :M a),
and AnnR(0 :M a) ⊆ AnnR(0 :M p) = p for any (a + AnnRM) ⊆ p ∈ Spec R by
hypothesis. Thus
√
a+AnnRM =
√
AnnR(0 :M a). Let NdimRM = d. Then there
exist elements x1, · · · , xd ∈ J(M) =
⋂
m∈Supp
R
M
m such that (0 :M (x1, · · · , xd)) 6= 0
have finite length by [13, Theorem 4.1]. Let a = (x1, · · · , xd). Then
0 = dimR(0 :M (x1, · · · , xd)) = dimR R/((x1, · · · , xd)+AnnRM) ≥ dimR/AnnRM−d.
Hence, CdimRM = NdimRM . 
Remark 2.7. Let R be a topological ring (not necessarily Noetherian), S ⊆ R a
multiplicative set, M a representable linearly compact R-module. Then by the
proof of Proposition 2.3, we have
CdimS−1RHomR(S
−1R,M) = sup{dimS−1R/S−1p|p ∈ CosRM, p ∩ S = ∅}
= sup{dimS−1R/S−1p|p ∈ AttRM, p ∩ S = ∅}.
Let p ∈ CosRM , we denote
htMp = sup{ n | p0 ( p1 ( · · · ( pn = p, pi ∈ CosRM for i = 0, 1, · · · , n }.
It is obvious that htMp = CdimRpHomR(Rp,M).
4 LINGGUANG LI
3. Filter co-regular sequence and cograde
Definition 3.1. Let R be a ring, X ⊆ Spec R and M an R-module. A sequence
x1, x2, · · · , xn ∈ R is called an M -filter co-regular sequence with respect to X , if
CosR((0 :M (x1, · · · , xi−1))/xi(0 :M (x1, · · · , xi−1))) ⊆ X for i = 1, 2, · · · , n.
For any R-module M , any M -quasi co-regular sequence is a M -filter co-regular
sequence with respect to ∅. Moreover, if M is a linearly compact R-module, then
the converse is also true by [2, Corollary 4.3].
Proposition 3.2. Let R be a Noetherian topological ring, X a saturated set of
Spec R and M a representable linearly compact R-module. Then x ∈ R is a M -
filter co-regular element with respect to X if and only if x ∈ R− ⋃
p∈AttRM−X
p.
Proof. Let x ∈ R be a M -filter co-regular element with respect to X . Suppose
that there exists a prime ideal p ∈ AttRM − X such that x ∈ p. Then we have
p ∈ AttRM ∩ V((x)) = AttR(M/xM) by [3, Theorem 4.5]. This contradicts to
AttR(M/xM) ⊆ CosR(M/xM) ⊆ X . Hence, x ∈ R−
⋃
p∈AttRM−X
p.
Let M = M1 + M2 + · · · + Mn be a minimal secondary representation of
M , where Mi is a pi secondary R-module for i = 1, 2, · · · , n, and AttRM =
{p1, p2, · · · , pn}. Let x ∈ R −
⋃
p∈AttRM−X
p. If x ∈ R − ⋃
p∈AttRM
p, then M = xM .
Thus CosR(M/xM) = ∅ ⊆ X . Hence, x ∈ R is a M -filter co-regular element with
respect to X . If there is some 1 ≤ m ≤ n, such that x ∈ pi ∈ AttRM ∩ X for
1 ≤ i ≤ m and x ∈ R− pi for m+ 1 ≤ i ≤ n, then
xM = x(M1 +M2 + · · ·+Mn) = xM1 + xM2 + · · ·+ xMm +Mm+1 · · ·+Mn, and
M/xM = (M1 +M2 + · · · +Mn)/(xM1 + xM2 + · · · + xMm +Mm+1 · · · +Mn)∼= (M1+M2+ · · ·+Mm)/((M1+ · · ·+Mm)∩ (xM1+ · · ·+xMm+Mm+1 · · ·+Mn)).
Thus AttR(M/xM) ⊆ AttR(M1+· · ·+Mm) = {p1, · · · , pm}. Thus CosR(M/xM) ⊆⋃
1≤i≤m
V(pi) ⊆ X . 
Corollary 3.3. Let R be a Noetherian topological ring, and X a saturated subset of
Spec R. Let I be an ideal of R and M a representable linearly compact R-module.
Then CosR(M/IM) ⊆ X if and only if there is a M -filter co-regular element with
respect to X contained in I.
Proof. Since M/IM is a representable linearly compact R-module, then by [3,
Theorem 4.5] and Proposition 3.2, we have
CosR(M/IM) ⊆ X ⇔ AttR(M/IM) ⊆ X
⇔ AttRM ∩ V(I) ⊆ X
⇔ I *
⋃
p∈AttRM−X
p
⇔ I contains a M -filter co-regular element with respect to X.

Proposition 3.4. Let R be a topological ring, X ⊆ Spec R and M a linearly
compact R-module. Then x1, x2, · · · , xn ∈ R is a M -filter co-regular sequence with
respect to X if and only if x11 , · · · , xn1 ∈ Rp is a HomR(Rp,M)-quasi co-regular
sequence for any p ∈ CosRM −X.
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Proof. For any 1 ≤ i ≤ n, consider the exact sequence of R-modules
(0 :M (x1, · · · , xi−1)) xi→ (0 :M (x1, · · · , xi−1))→ coker(xi)→ 0.
By [3, Corollary 2.5], we have an exact sequence of Rp-modules
HomR(Rp, 0 :M (x1, · · · , xi−1))
xi
1→ HomR(Rp, 0 :M (x1, · · · , xi−1))→
HomR(Rp, coker(xi))→ 0,
for any p ∈ Spec R−X .
Since HomR(Rp, 0 :M (x1, · · · , xi−1)) = (0 :HomR(Rp,M) (x11 , · · · , xi−11 )), we have
the following equivalent statements:
The sequence x1, x2, · · · , xn is an M-filter co-regular sequence with respect to X .
⇔ (0 :HomR(Rp,M) (x11 , · · · , xi−11 ))
xi
1→ (0 :HomR(Rp,M) (x11 , · · · , xi−11 )) is surjective
for any p ∈ CosRM −X , i = 1, 2, · · · , n. ⇔ x11 , · · · , xn1 ∈ Rp is a HomR(Rp,M)-
quasi co-regular sequence for any p ∈ CosRM −X . 
Definition 3.5. Let R be a ring, X ⊆ Spec R. A R-module sequence
M0
f1→M1 f2→ · · · fn−1→ Mn−1 fn→Mn
is called a quasi exact sequence of R-modules with respect to X , if fi+1 ◦fi = 0, and
CosR(ker(fi+1)/Im(fi)) ⊆ X for i = 1, 2, · · · , n− 1.
Lemma 3.6. Let R be a topological ring, X ⊆ Spec R and a complex of R-modules
C• : · · · fi−2→ Mi−1 fi−1→ Mi fi→Mi+1 fi+1→ · · ·
where Mi are linearly compact R-module, fi are continuous homomorphisms for
all integers i ∈ Z. Then C• is a quasi exact sequence of R-modules with respect
to X if and only if HomR(Rp, C•) is an exact sequence of Rp-modules for any
p ∈ Spec R−X.
Proof. Since the kernel and cokernel of a continuous homomorphism between lin-
early compact R-modules are linearly compact R-modules, and the co-localization
preserves the exactness of linearly compact R-modules ([3, Corollary 2.5]), we get
Hi(HomR(Rp, C•)) = ker(HomR(Rp, di))/Im(HomR(Rp, di−1))
∼= HomR(Rp, ker(di))/HomR(Rp, Im(di−1))
∼= HomR(Rp,Hi(C•)), for all i ∈ Z and for any p ∈ Spec R.
Thus, C. is a quasi exact sequence of R-modules with respect to X if and only if
HomR(Rp,Hi(C•)) = 0, for all i ∈ Z, p ∈ Spec R−X . Equivalently, HomR(Rp, C•)
is an exact sequence of Rp-modules for all p ∈ Spec R−X . 
The following theorem is the main result of this section.
Theorem 3.7. Let R be a Noetherian topological ring, X a saturated subset of
Spec R. Let I be an ideal of R and M a strongly representable linearly compact
R-module. Then for a given integer n > 0 the following conditions are equivalent:
(i). CosR(Tor
R
i (N,M)) ⊆ X for all 0 ≤ i < n and for any finitely generated
R-module N with SuppRN ⊆ V(I);
(ii). CosR(Tor
R
i (R/I,M)) ⊆ X for all 0 ≤ i < n;
(iii). There exists a M -filter co-regular sequence with respect to X of length n
contained in I.
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Proof. (i)⇒ (ii). Obviously.
(ii) ⇒ (iii). We use induction on n. For the case n = 1 we have R/I ⊗R M =
M/IM and CosR(M/IM) ⊆ X . Then the assertion is followed by Corollary 3.3.
Suppose that n > 1, and the statement holds up to n− 1. Let x1 ∈ I be a M -filter
co-regular element with respect to X , and M1 = (0 :M x1). Then M1 is a strongly
representable linearly compact R-module. Moreover, we get the following quasi
exact sequence of R-modules with respect to X , 0 → M1 → M x1→ M → 0. For
p ∈ Spec R−X , by Lemma 3.6 we have an exact sequence of Rp-modules
0→ HomR(Rp,M1)→ HomR(Rp,M)
x1
1→ HomR(Rp,M)→ 0.
From this we can get a long exact sequence of Rp-modules
· · · → TorRp1 (Rp/IRp,HomR(Rp,M))→ Rp/IRp ⊗Rp HomR(Rp,M1)→
Rp/IRp ⊗Rp HomR(Rp,M)
x1
1→ Rp/IRp ⊗Rp HomR(Rp,M)→ 0.
Since HomR(Rp,Tor
R
i (R/I,M))
∼= TorRpi (Rp/IRp,HomR(Rp,M)) by the proof
of [2, Theorem 3.6], we get CosR(Tor
R
i (R/I,M1)) ⊆ X for all 0 ≤ i < n− 1. Then
the statement is followed by the induction hypothesis.
(iii)⇒ (i). Let x1, x2, · · · , xn ∈ I be aM -filter co-regular sequence with respect
to X of length n. Since V(AnnRN) = SuppRN ⊆ V(I), there exists m > 0 such
that xm1 ∈ AnnRN . We use induction on n.
For the case n = 1, we take co-localization to the homomorphism of R-modules
M
x1→M , we get an exact sequence of Rp-modules
HomR(Rp,M)
x1
1→ HomR(Rp,M)→ 0
for any p ∈ Spec R−X . It follows that we have an exact sequence of Rp-modules
Np ⊗Rp HomR(Rp,M)
x1
1→ Np ⊗Rp HomR(Rp,M)→ 0.
Since xm1 ∈ AnnR(N), we have (x11 )m ∈ AnnRp(Np). Then
HomR(Rp, N ⊗R M) ∼= Np ⊗Rp HomR(Rp,M) = 0
for all p ∈ Spec R−X . Hence CosR(N ⊗R M) ⊆ X .
Suppose that n > 1, and the statement holds up to n− 1. Set M1 = (0 :M x1).
Consider the quasi exact sequence of R-modules with respect to X
0→M1 →M x1→M → 0.
Then for any p ∈ Spec R−X , by Lemma 3.6, we have an exact sequence
0→ HomR(Rp,M1)→ HomR(Rp,M)
x1
1→ HomR(Rp,M)→ 0.
Therefore, for any integer i ≥ 0, we have an exact sequence of Rp-modules
Tor
Rp
i+1(Np,HomR(Rp,M))
x1
1→ TorRpi+1(Np,HomR(Rp,M))
→ TorRpi (Np,HomR(Rp,M1)).
By induction hypothesis we have Tor
Rp
i (Np,HomR(Rp,M1)) = 0 for any p ∈
Spec R − X and for any 0 ≤ i < n − 1. Moreover, (x11 )m ∈ AnnRp(Np), since
xm1 ∈ AnnR(N). Then TorRpi+1(Np,HomR(Rp,M)) = 0 for any p ∈ Spec R−X and
any 0 ≤ i < n− 1. Hence, CosR(TorRi (N,M)) ⊆ X for any 0 ≤ i < n. 
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Definition 3.8. Let R be a Noetherian topological ring, X a saturated subset
of Spec R, I an ideal of R and M a strongly representable linearly compact R-
module. Then we define M -filter cograde with respect to X contained in I as the
integer (possibly infinite)
cogradeX(I,M) = inf{ i | CosR(TorRi (R/I,M)) 6⊆ X }.
By Theorem 3.7, it is easy to obtain the following facts:
(1). Any M -filter co-regular sequence with respect to X contained in I of finite
length can be extended to a maximal one.
(2). cogradeX(I,M) is possibly equal to ∞. e.g. if X = CosRM ∩V(I).
(3). cogradeX(I,M) is the common length of each maximal M -filter co-regular
sequence with respect to X contained in I.
(4). Let I
′
be another ideal of R such that
√
I =
√
I ′ , then cogradeX(I,M) =
cogradeX(I
′
,M).
(5). Let R be a Noetherian topological ring, M a strongly representable linearly
compact R-module. Then cograde∅(I,M) = inf{ i | TorRi (R/I,M) 6= 0}
equals to the length of any maximal M co-regular sequence in I.
(6). Let (R,m) be a Noetherian local ring, I ⊆ R an ideal and M an Ar-
tinian R-module. Then for any i ≥ 0, TorRi (R/I,M) is an Artinian R-
module. Since CosRM ⊆ {m} iff M is a finite length R-module, we
have cograde{m}(I,M) = inf{ i | TorRi (R/I,M) is not a finite length R −
module}.
4. Filter co-regular sequence and Quasi co-regular sequence
Now, we will generalize some results of [12] and [13], and extend the theory
of quasi co-regular sequence to some class of modules which are not necessarily
Artinian.
Proposition 4.1. Let R be a Noetherian topological ring , M a strongly repre-
sentable linearly compact R-module, p ∈ Spec R, and I an ideal of Rp. Then for a
given integer n > 0 the following statements are equivalent:
(1). Tor
Rp
i (N,HomR(Rp,M)) = 0 for all 0 ≤ i < n and for any finitely gener-
ated Rp-module N with SuppRpN ⊆ V(I).
(2). Tor
Rp
i (Rp/I,HomR(Rp,M)) = 0 for any 0 ≤ i < n.
(3). There exists a HomR(Rp,M)-quasi co-regular sequence of length n con-
tained in I.
Proof. If p 6∈ CosRM , this Proposition is obvious. Now we assume that p ∈ CosRM .
(1)⇒ (2). Obviously.
(2)⇒ (3). We use induction on n. For the case n = 1, let J ⊆ R be an ideal such
that I = JRp. Since (Rp/I) ⊗Rp HomR(Rp,M) = HomR(Rp, (R/J) ⊗R M) = 0,
we have p 6∈ CosR(M/JM). Let X = { q | q ∈ Spec R, q 6⊆ p}. Then X is
a saturated subset of Spec R. Obviously, CosR(M/JM) ⊆ X and there exists a
M -filter co-regular element x ∈ J with respect to X by Corollary 3.3. Then by
Proposition 3.4, we know that x1 ∈ I is a HomR(Rp,M)-quasi co-regular element.
The proof of the case n > 1 and the proof of (3)⇒ (1) is similar to the proof of
Theorem 3.7. We will not go into details. 
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With the same notation of Proposition 4.1, we denote
cogradeRp(I,HomR(Rp,M)) = inf{ i | Tor
Rp
i (Rp/I,HomR(Rp,M)) 6= 0 }.
In particular, if I = pRp, we simply write cogradeRpHomR(Rp,M). By Proposition
4.1, we notice that cogradeRp(I,HomR(Rp,M)) equals to the length of any maximal
HomR(Rp,M)-quasi co-regular sequence contained in I, and any HomR(Rp,M)-
quasi co-regular sequence contained in I can be extended to a maximal one.
Proposition 4.2. Let R be a Noetherian topological ring, X a saturated subset of
Spec R, and I ( R a proper ideal of R, and M a strongly representable linearly
compact R-module. Then
cogradeX(I,M) = inf{cogradeRpHomR(Rp,M)| p ∈ CosRM ∩ V(I)−X}
= inf{cogradeRp(IRp,HomR(Rp,M))| p ∈ CosRM ∩V(I) −X}.
Proof. If cogradeX(I,M) = ∞, there is nothing to prove. So we assume that
cogradeX(I,M) < ∞. If CosRM ∩ V(I) ⊆ X , then CosR(TorRi (R/I,M)) ⊆ X for
any i ≥ 0. This induces a contradiction. Hence CosRM ∩V(I) 6⊆ X .
(i). Let p ∈ CosRM ∩ V(I)−X . Then we have
cogradeX(I,M) ≤ cogradeX(p,M) ≤ cogradeRpHomR(Rp,M).
Let x1, x2, · · · , xn be a maximal M -filter co-regular sequence with respect to X
contained in I. So there exists no (0 :M (x1, x2, · · · , xn))-filter co-regular element
contained in I. By Proposition 3.2, there exists p ∈ AttR(0 :M (x1, x2, · · · , xn))−X
such that I ⊆ p. Then p ∈ CosRM ∩ V(I) −X , and
pRp ∈ AttRpHomR(Rp, 0 :M (x1, x2, · · · , xn)).
Since HomR(Rp, 0 :M (x1, x2, · · · , xn)) ∼= (0 :HomR(Rp,M) (x11 , · · · , xn1 )). Thus
x1
1 , · · · , xn1 ∈ Rp is a maximal HomR(Rp,M) co-regular sequence. Hence,
cogradeX(I,M) = Min{ cogradeRpHomR(Rp,M) | p ∈ CosRM ∩V(I) −X}.
(ii). Assume that cogradeX(I,M) = n. Then Tor
Rp
i (Rp/IRp,HomR(Rp,M)) =
0 for any 0 ≤ i < n and for any p ∈ CosRM ∩ V(I) −X . Moreover, there exists
q ∈ CosRM ∩ V(I) −X , such that TorRqn (Rq/IRq,HomR(Rp,M)) 6= 0. Hence
cogradeX(I,M) = inf{cogradeRp(IRp,HomR(Rp,M))|p ∈ CosRM ∩ V(I)−X}.

Let R be Noetherian ring, I a ideal of R, N a finitely generated R-module. If
IN 6= N , then the depthR(I,N) < ∞. The dual question for Artinian module M
is to ask when cogradeX(I,M) < ∞. We will give some sufficient conditions for
finiteness of cogradeX(I,M).
Lemma 4.3. Let R be a Noetherian topological ring , M a strongly representable
linearly compact R-module. Then the following conditions are equivalent:
(i). AnnR(0 :M p) = p for any p ∈ V(AnnRM).
(ii). CosR(0 :M I) = CosRM ∩ V(I) for any ideal I of R.
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Proof. (i)⇒ (ii). Let I ⊆ R be an ideal. By [3, Corollary 4.3], we have
V(AnnR(0 :M I)) = CosR(0 :M I) ⊆ CosRM.
Thus CosR(0 :M I) ⊆ CosRM ∩ V(I).
For an ideal I of R, if CosRM ∩ V(I) = ∅, there is nothing to prove. Suppose
that CosRM ∩ V(I) 6= ∅. Let p ∈ CosRM ∩V(I). Since
CosR(0 :M p) = V(AnnR(0 :M p)), and AnnR(0 :M p) = p for any p ∈ V(AnnRM)
we have p ∈ CosR(0 :M p). Notice that
HomR(Rp, 0 :M I) ⊇ (0 :HomR(Rp,M) pRp) = HomR(Rp, 0 :M p) 6= 0
Hence CosRM ∩ V(I) ⊆ CosR(0 :M I).
(ii) ⇒ (i). Let p ∈ V(AnnRM). Then V(AnnR(0 :M p)) = CosRM ∩ V(p) =
V(p). Moreover, since p ⊆ AnnR(0 :M p), we have AnnR(0 :M p) = p. 
Proposition 4.4. Let R be a Noetherian topological ring, X a saturated subset of
Spec R and I ( R a proper ideal of R. Let M be a strongly representable linearly
compact R-module such that AnnR(0 :M p) = p for any p ∈ V(AnnRM). Then
cogradeX(I,M) <∞ if and only if CosRM ∩ V(I) 6⊆ X.
Proof. ⇒. If CosRM ∩ V(I) ⊆ X , then CosR(TorRi (R/I,M)) ⊆ X for any i ≥ 0,
this contradicts to cogradeX(I,M) <∞. Hence CosRM ∩V(I) * X .
⇐. For p ∈ CosRM ∩ V(I)−X . Then by Lemma 4.3 we have
(0 :HomR(Rp,M) IRp) = HomR(Rp, 0 :M I) 6= 0.
Let x1s1 , · · · , xrsr ∈ IRp be a HomR(Rp,M) co-regular sequence. Then
0 :HomR(Rp,M) (
x1
s1
) ) 0 :HomR(Rp,M) (
x1
s1
,
x2
s2
) ) 0 :HomR(Rp,M) (
x1
s1
,
x2
s2
, · · · , xr
sr
).
Otherwise, there must exist some integer i, 1 ≤ i ≤ r such that 0 :HomR(Rp,M)
(x1s1 , · · · , xisi ) = 0. This contradicts to 0 6= 0 :HomR(Rp,M) IRp ⊆ 0 :HomR(Rp,M)
(x1s1 , · · · , xisi ). It follows that (x1s1 ) ( (x1s1 , x2s2 ) ( · · · ( (x1s1 , x2s2 , · · · , xrsr ). Since Rp is
a Noetherian ring, therefore every HomR(Rp,M) co-regular sequence in IRp must
be of finite length. Hence there exists an integer n ≥ 0, such that
TorRpn (Rp/IRp,HomR(Rp,M)) 6= 0.
Thus CosR(Tor
R
n (R/I,M)) * X . Hence cogradeX(I,M) <∞. 
Remark 4.5. By the proof of Proposition 4.4, we note that if R is a Noetherian
topological ring, andM is a strongly representable linearly compact R-module such
that AnnR(0 :M p) = p for any p ∈ V(AnnRM), then cogradeRpHomR(Rp,M) <∞
for any p ∈ CosRM .
N. T. Cuong, N. T. Dung and L. T. Nhan given an example to show that the
equivalent conditions of Lemma 4.3 may not true for general Artinian modules ([5]).
However, they also given some sufficient conditions for that condition.
Proposition 4.6. [5, Proposition 2.1] Let (R,m) be a Noetherian local ring, M an
Artinian R-module. If one of the following cases happens:
(1). R is complete with respect to m-adic topology.
(1). M contain a submodule which is isomorphic to the injective hull of R/m.
Then AnnR(0 :M p) = p for any p ∈ V(AnnRM).
10 LINGGUANG LI
5. Vanishing Theorem of Dual Bass numbers
Let R be a Noetherian ring, M an R-module. A minimal flat resolution of M is
an exact sequence of R-modules
· · · di+1→ Fi di→ Fi−1 di−1→ · · · d1→ F0 d0→M → 0,
such that for each i ≥ 0, Fi is a flat cover of Im(di). The minimal flat resolution of
M exists and uniquely determined up to isomorphism. Moreover, for any integer
n, fdRM ≤ n if and only if Fk = 0 for any k > n. In this case, Fi is a flat cotorsion
R-module for any i > 0, but F0 may not be cotorsion in general. E. Enochs [6]
proved that Fi is uniquely represented as a product Fi =
∏
p∈Spec R
T ip, where T
i
p is
the completion of a free Rp-module with respect to the pRp-adic topology. In [7],
pii(p,M) is defined to be the cardinality of the base of a free Rp-module whose
completion is T ip for any i > 0. On the other hand, pi0(p,M) is defined similarly by
using the pure injective envelope PE(F0) instead of F0 itself. We call the pii(p,M)
the i-th dual Bass number of M with respect to p. E. Enochs and J. Z. Xu [7,
Theorem 2.2] showed that for any R-module M over Noetherian ring R, there
exists cotorsion R-module E such that pii(p,M) = pii(p, E) for any i ≥ 0. The main
results of [7] is the following: Let R be a Noetherian ring,M a cotorsion R-module.
Then pii(p,M) = dimk(p) Tor
Rp
i (k(p),HomR(Rp,M)), for any i ≥ 0.
By the proof of [7, Theorem 2.2], we could get following Lemma.
Lemma 5.1. Let R be a Noetherian ring, p, q ∈ Spec R with q ⊆ p, and M a
cotorsion R-module. Let the following exact sequence
· · · di+1→ Fi di→ Fi−1 di−1→ · · · d1→ F0 d0→M → 0
be a minimal flat resolution of M . Then
· · · → HomR(Rp, Fi+1)→ HomR(Rp, Fi)→ HomR(Rp, Fi−1)→
· · · → HomR(Rp, F1)→ HomR(Rp, F0)→ HomR(Rp,M)→ 0
is a minimal flat resolution of HomR(Rp,M) as an Rp-module, and if Fi =
∏
q∈SpecR
T iq,
then HomR(Rp, Fi) ∼=
∏
q⊆p
q∈SpecR
T iq is a flat cotorsion Rp-module. In other words,
pii(q,M) = pii(qRp,HomR(Rp,M)) for any i ≥ 0.
Proposition 5.2. Let R be a Noetherian ring, M an Artinian R-module. Then
for any p ∈ CosRM , cogradeRpHomR(Rp,M) = inf{ i | pii(p,M) > 0}.
Proof. Since any Artinian module is cotorsion ([7, Theorem 2.8]). Then the for-
mula pii(p,M) = dimk(p) Tor
Rp
i (k(p),HomR(Rp,M)) holds for any Artinian mod-
ule. Hence, this Proposition follows from Proposition 4.1. 
Lemma 5.3. Let R be a Noetherian ring, F a flat cotorsion R-module. Then
F 6= 0⇔ CosRF 6= ∅.
Proof. Suppose that F 6= 0. Assume that F = ∏
p∈SpecR
Tp, where Tp is the comple-
tion of a free Rp-module with respect to the pRp-adic topology. Then there exists
p ∈ Spec R such that Tp 6= 0. Then we have HomR(Rp, Tp) ∼= Tp 6= 0. Hence
HomR(Rp, F ) 6= 0, and thus CosRF 6= ∅. Conversely, it is obvious. 
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Proposition 5.4. Let R be a Noetherian ring, M a cotorsion R-module. Then:
(1). fdS−1RHomR(S
−1R,M) ≤ fdRM for any multiplicative set S ⊆ R.
(2). fdRM = sup{ fdRpHomR(Rp,M) | p ∈ Spec R }
= sup{ fdRmHomR(Rm,M) | m ∈ Max R }.
Proof. Let the following exact sequence of R-modules
· · · → Fi → Fi−1 → · · · → F0 →M → 0
be a minimal flat resolution of M . Then by [7, Theorem 2.7], we have a minimal
flat resolution of S−1R-module HomR(S
−1R,M)
· · · → HomR(S−1R,Fi+1)→ HomR(S−1R,Fi)→ HomR(S−1R,Fi−1)→
· · · → HomR(S−1R,F1)→ HomR(S−1R,F0)→ HomR(S−1R,M)→ 0.
Then (1) follows. By Lemma 5.3, (2) also holds. 
Proposition 5.4 is somehow dual to [1, Corollary 2.3].
Definition 5.5. A Noetherian ring R is called a U ring, if for any Artinian R-
module M , AnnR(0 :M p) = p for any p ∈ V(AnnRM).
Notice that any complete Noetherian local rings is a U ring by [5, Proposition
2.1]. Let M be an Artinian R-module over a U ring. Then for any p ∈ CosRM ,
cogradeRpHomR(Rp,M) <∞,
because (0 :HomR(Rp,M)) pRp)
∼= HomR(Rp, 0 :M p) 6= 0 and any co-regular se-
quence in Noetherian ring must be of finite length.
Theorem 5.6. Let R be a U ring, p, q ∈ Spec R such that q ⊂ p, ht(p/q) = 1,
and M an Artinian R-module. Then pii(q,M) 6= 0⇒ pii+1(p,M) 6= 0.
Proof. For x ∈ p− q, from the short exact sequence of Rp-modules
0→ Rp/qRp
x
1→ Rp/qRp → Rp/(qRp, x
1
)→ 0,
we get the following long exact sequences of Rp-modules
· · · → TorRpi+1(Rp/(qRp,
x
1
),HomR(Rp,M))→ TorRpi (Rp/qRp,HomR(Rp,M))
x
1→
Tor
Rp
i (Rp/qRp,HomR(Rp,M))→ TorRpi (Rp/(qRp,
x
1
),HomR(Rp,M))→ · · · .
Since
HomRp(Rq,Tor
Rp
i (Rp/qRp,HomR(Rp,M)))
∼= HomRp(Rq,HomR(Rp,TorRi (R/q,M)))
∼= HomR(Rq,TorRi (R/q,M))
∼= TorRqi (k(q),HomR(Rq,M)) 6= 0,
we have Tor
Rp
i (Rp/qRp,HomR(Rp,M)) 6= 0. Thus p ∈ CosRTorRi (R/q,M). Notice
that TorRi (R/q,M) is an Artinian R-module, then
CosR(0 :TorR
i
(R/q,M) x) = CosRTor
R
i (R/q,M) ∩ V ((x)).
Since x ∈ p, we get p ∈ CosR(0 :TorR
i
(R/q,M) x). Hence
(0 :
Tor
Rp
i
(Rp/qRp,HomR(Rp,M))
x
1
) ∼= (0 :HomR(Rp,TorRi (R/q,M))
x
1
)
∼= HomR(Rp, 0 :TorR
i
(R/q,M) x) 6= 0.
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Thus, Tor
Rp
i+1(Rp/(qRp,
x
1 ),HomR(Rp,M)) 6= 0. Notice that ht(p/q) = 1, therefore
Rp/(qRp,
x
1 ) is a finite length Rp-module. Let
0 = C0 ( C1 ( · · · ( Cn = Rp/(qRp, x
1
)
be a composition series of Rp/(qRp,
x
1 ) as an Rp-module. Then Cj/Cj−1
∼= k(p)
for j = 1, 2, · · · , n. By this we can draw a conclusion that
Tor
Rp
i+1(k(p),HomR(Rp,M)) 6= 0.
Otherwise, by induction on the length of Rp/(qRp,
x
1 ), we deduce that
Tor
Rp
i+1(Rp/(qRp,
x
1
),HomR(Rp,M)) = 0.
This induces a contradiction. 
Corollary 5.7. Let R be a U ring, p, q ∈ Spec R such that q ( p, ht(p/q) = s,
and M an Artinian R-module. Then pii(q,M) 6= 0⇒ pii+s(p,M) 6= 0.
Proof. Using induction on ht(p/q). This Corollary follows from Theorem 5.6. 
Corollary 5.8. Let R be a U ring, p ∈ Spec R, M an Artinian R-module. If there
some n ∈ N such that pii(p,M) = 0 for any i > n, then fdRpHomR(Rp,M) ≤ n.
Proof. If fdRpHomR(Rp,M) > n, then by Lemma 5.1 there exists q ⊆ p, q ∈
Spec R, such that pin+1(q,M) > 0. Then we get piht(p/q)+n+1(p,M) > 0 by Theorem
5.6. This contradicts to the assumption. Thus fdRpHomR(Rp,M) ≤ n. 
To obtain the main result of this section, we first prove the following Proposition.
Proposition 5.9. Let R be a Noetherian topological ring, M a strongly repre-
sentable linearly compact R-module. If cogradeRpHomR(Rp,M) <∞, then
cogradeRpHomR(Rp,M) ≤ CdimRpHomR(Rp,M).
Proof. Let n = cogradeRpHomR(Rp,M). We use induction on n.
For the case n = 0, this Proposition is obviously true.
Assume that n > 1, and this Proposition holds for n − 1. Let xs ∈ pRp be a
HomR(Rp,M) co-regular element. Then
x
s ∈ Rp −
⋃
q∈AttRM, q⊆p
qRp, and
cogradeRp(0 :HomR(Rp,M)
x
s
) = cogradeRpHomR(Rp, (0 :M x)) = n− 1.
Hence x ∈ R− ⋃
q∈AttRM, q⊆p
q, and by induction hypothesis we get
cogradeRpHomR(Rp, 0 :M x) ≤ CdimRpHomR(Rp, 0 :M x).
Since
CdimRpHomR(Rp, 0 :M x) = sup{ ht(p/q) | q ∈ CosR(0 :M x), q ⊆ p}
≤ ht(p/(AnnRM,x))
= max{ht(p/(q, x))| q ∈ AttRM, q ⊆ p}
= max{ht(p/q)− 1| q ∈ AttRM, q ⊆ p}
= CdimRpHomR(Rp,M)− 1,
we have cogradeRpHomR(Rp,M) ≤ CdimRpHomR(Rp,M). 
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The following Theorem is the main result of this paper. We characterize the
infimum and supremum of the index of non-vanishing dual Bass numbers of Artinian
modules, and study the relations among cograde,co-dimension and flat dimension
of co-localization of Artinian modules.
Theorem 5.10. Let R be a U ring, M an Artinian R-module, p ∈ CosRM . Then:
(1). If pii(p,M) > 0, then cogradeRpHomR(Rp,M) ≤ i ≤ fdRpHomR(Rp,M).
If cogradeRpHomR(Rp,M) = s, then pis(p,M) > 0. (R is a Noetherian
ring, not necessarily a U ring, and fdRpHomR(Rp,M) is possibly infinite).
(2). If fdRpHomR(Rp,M) = t <∞, p, q ∈ Spec R such that q ⊆ p, then
pit(q,M) > 0⇔ q = p.
(3). If fdRpHomR(Rp,M) = ∞. Then for any n ∈ N, there exists i ≥ n such
that pii(p,M) > 0.
(4). cogradeRpHomR(Rp,M) ≤ CdimRpHomR(Rp,M) ≤ fdRpHomR(Rp,M).
Proof. (1). By Proposition 5.2, we only need to show
pii(p,M) > 0⇒ i ≤ fdRpHomR(Rp,M).
For the case fdRpHomR(Rp,M) = ∞, there is nothing to prove. Suppose that
fdRpHomR(Rp,M) = r < ∞. If i > r such that pii(p,M) > 0, then by Lemma
5.1 we get pii(p,M) = pii(pRp,HomR(Rp,M)). Thus fdRpHomR(Rp,M) ≥ i. This
induces a contradiction. Hence i ≤ fdRpHomR(Rp,M).
(2). Since fdRpHomR(Rp,M) = t < ∞, then by Lemma 5.1 there must exist
q ⊆ p, q ∈ Spec R such that pit(q,M) > 0. Suppose that q ( p. Then by Corollary
5.7 we have pit+ht(p/q)(p,M) = pit+ht(p/q)(pRp,HomR(Rp,M)) 6= 0. This contradict
to fdRpHomR(Rp,M) = t. Hence q = p. It is similar to prove the other side.
(3). This conclusion is followed by Corollary 5.8.
(4). By Proposition 5.9 we only need to show
CdimRpHomR(Rp,M) ≤ fdRpHomR(Rp,M).
Let q be a minimal element of CosRM with q ⊆ p, by [3, Theorem 4.5], we get
q ∈ AttR(R/q⊗R M) ⊆ CosR(R/q⊗R M). Since
pi0(q,M) = dimk(q) k(q)⊗Rq HomR(Rq,M) = dimk(q) HomR(Rq, R/q⊗R M) 6= 0.
By Corollary 5.7, we get piht(p/q)(p,M) = piht(p/q)(pRp,HomR(Rp,M)) 6= 0. On the
other hand, CdimRpHomR(Rp,M) = max{ ht(p/q) | q ∈ CosRM, q ⊆ p}. Hence,
CdimRpHomR(Rp,M) ≤ fdRpHomR(Rp,M). 
Corollary 5.11. Let R be a U ring, M an Artin R-module. Then:
(1). CdimRM ≤ fdRM .
(2). If fdRM = r <∞, and pir(p,M) 6= 0 for some p ∈ Spec R, then p ∈ Max R.
Proof. (1). Since CdimRM = sup{ CdimRmHomR(Rm,M) | m ∈ Max R}, by
Proposition 5.4 (2) and Theorem 5.10 (4) we have CdimRM ≤ fdRM .
(2). If pir(p,M) 6= 0, and p is not a maximal ideal. It follows that there exists
a maximal ideal m such that p ( m, then by Corollary 5.7 pir+ht(m/p)(p,M) 6= 0.
This contradict to fdRM = r. Hence, p must be a maximal ideal. 
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